A new Green-function formalism is developed for calculating fields generated. by sources in the presence of a multilayer geometry. The approach is to formulate the problem immediately in terms of s-and p-polarized waves generated, so that the calculation of the effect of interfaces proceeds by the introduction of Fresnel reflection and transmission coefficients and parallels the simple physical picture of light progressing through the structure.
INTRODUCTION
Most calculations in surface optics have two distinct parts.
The first involves a determination of a source of electromagnetic radiation, while the second consists of finding the actual fields that the source generates in the geometry of interest. In nonlinear optics, for example, most of the physics lies in the first part of the calculation, which requires a theory for the nonlinear response of the media. The second part involves only the linear properties of the media at the frequency of interest. Yet, it is a necessary step if theory is to be compared with experiment, and for multilayer geometries it can be a tedious calculation in which any important physical points are easily lost in a haze of algebra. It is this second part of a typical calculation in surface optics that we address in this paper.
Previous approaches have included constructing generated-field solutions by adding particular and homogeneous solutions of the Maxwell equations, in such a way thau boundary conditions at infinity and the Maxwell saltus (jump) condition are satisfied (see, e.g., Refs. 1 and 2), as well as a host of Green-function techniques (see, e.g., Refs. 3 and 4). The Green-function techniques have the advantage that, for a given geometry, the problem need be done only once; the solution involves an integral over the source and can be applied to calculate the generated fields from any source distribution. However, most Green-function approaches, as well as the other above-mentioned approach, suffer from the fact that the Fresnel coefficients of the interfaces present do not appear naturally in the calculation but only after some algebraic reassembling of the results. This is unfortunate, since one tends to think of generated light progressing through, say, a multilayer geometry by a series of reflections and transmissions described by Fresnel coefficients; it would be more satisfactory if the calculation connected more directly with this simple physical picture. Further, the behavior of the Fresnel coefficients, for different interfaces and angles of incidence, is well understood.
If those coefficients appeared naturally in a calculation, the insight that one has into their behavior could aid in interpreting the result. In particular, surface excitations, which can have a large effect on the final result (see, e.g., Refs. 5 and 6), are signaled by poles in the Fresnel coefficients (see, e.g., Refs. 7-10).
In this work we develop a Green-function approach for calculating the fields generated by a source, in the presence of a multilayer geometry, which formulates the problem immediately in terms of s-and p-polarized vector waves and therefore leads to a result for the generated fields involving the Fresnel coefficients of the interfaces in a natural way. Thus, once the formalism is learned, the expression for the generated fields can be written down almost by inspection for any geometry of interest. Certain special cases of this approach have been presented by myself and co-workers 3 510 -' 2 and others,' 3 -' 6 but here we develop the formalism in a more general context and in a more concise form to treat a much larger class of problems. In Section 2 the Green functions for a homogeneous medium are derived in the form that immediately identifies the sand p-polarized waves generated. The result is interpreted in Section 3, where one of the many (see, e.g., Refs. 17 and 18) transfer-matrix approaches to thin-film optics is reviewed in the notation that is most convenient for this work.
These are combined in Section 4, where we show how the fields generated in a multilayer geometry can be obtained by allowing the s-and p-polarized waves to undergo reflections and transmissions described by the Fresnel coefficients. A number of specific examples in nonlinear surface optics are presented. Concluding remarks are given in Section 5.
THE GREEN FUNCTIONS
We begin with the macroscopic Maxwell equations Here we use Pt and Mt to denote, respectively, the total electric and magnetic dipole moments per unit volume. We deal with stationary fields f(r, t) = f(r)e-cwt + c.c. = 2 Re[f(r)e-iw t ] (2.3) and assume that we have Pj(r) = xE(r) + P(r),
The susceptibilities Xe and Xb describe the linear response of the medium at frequency w and are, in general, complex; P(r) and M(r) describe the parts of the polarization and magnetization that are specified. They might, for example, be the nonlinearly generated polarization and magnetization at frequency . There P(r) and M(r) are given in terms of the linear fields, and it is the nonlinearly generated fields E and B that are calculated with Eqs. (2.1)-(2.4). The goal is so to calculate the E and B that result from a specified P(r) and M(r), but we initially set P(r) = M(r) = 0 and consider the solution of the homogeneous equations that result: wave. The wave vectors v 1 j lie in the plane spanned by and z; it is useful to introduce a unit vector perpendicular to that plane (see Fig. 1 ):
Then the unit dyadic U = xx + yy + zz (2.14) (which gives U V = V for any vector V), can also be written as 
with E,-and Ep_ arbitrary; this also satisfies Eqs. (2.5).
We now turn to the problem at hand and restore P(r) and (2.26) .which correspond to sheets of polarization and magnetization at z = z 0 , with a spatial variation in that plane characterized by a wave vector K. Here and below it is convenient to put R = (x, y (2.27) where 0(z) is the usual step function In fact, we need consider only the curl equations, since the divergence equations follow from taking the divergence of the curl equations and using div curl = 0. Beginning with the fourth of Eqs. (2.25), one can use
where 6'(z) is the derivative of the Dirac delta function, to find whereas from the 6 term we get a vector equation with 2, , and 2 components that give, respectively,
Next, using Eqs. (2.26) and (2.27) in the second of Eqs.
(2.25), we find that
From the 6' singular term we find that 2 X S = 47rwi X a or Z, = 4y.X,
J. E. Sipe of the fields generated by those sources. Applying Eqs.
(2.27) and (2.37) in this way, we find that for sources
Eqs. (2.25) lead to fields Eqs. (2.25) are linear, the solution for a more general P(r) and M(r) may be constructed by superposition. Writing (2.42) in which the integrals range from z' =-to z' = + , with 
FRESNEL COEFFICIENTS AND TRANSFER MATRICES
For the rest of this paper, we specialize to the conditions that usually apply in surface optics and set , = 1 and M(r) = 0. can be simply understood in that case as being due to the fact that the area in the plane, corresponding to an area A normal to the Poynting vector of the field generated, is A/(cos 6). Of course, even if n is real for K > wn, the field described by the first (and second) term of Eq. (3.5) is evanescent; analogous to the situation of total internal reflection, the spatial variation in the (xy) plane is characterized by a length shorter than the wavelength of light in the medium, and energy cannot be radiated. The second term in Eq. (3.5), describing the downward wave generated, can be understood in the same general way.
The third term describes a contribution to the electric field present only at the dipole sheet; it is independent of K and w (except insofar as E depends on w). In the K = 0, Co = 0 limit [in which case the first two terms of Eq. (3.5) vanish], it can be simply understood as the electrostatic field that would result if the polarization sheet were assembled, in a medium of dielectric constant E, from two sheets of charge parallel to the (xy) plane (see Fig. 2 dealing with those more general geometries: Because the upward and downward s-and p-polarized components are immediately identified, the effects of interfaces on these waves can be taken into account with the aid of the Fresnel coefficients for those interfaces. To see how this is done, we first neglect any sources and consider the propagation of light through a general layered medium; see Fig. 3(a) . Much of the material in the rest of this section consists of wellknown results from the study of thin-film optics (see, e.g., Refs. 17 and 18). It is presented here for completeness and to introduce some results and a notation that will be useful for some of the examples given in Section 4. Throughout we assume that the media can be described by macroscopic dielectric constants, changing in a stepwise fashion at an interface. Of course, the microscopic behavior of fields near a surface is much more complicated (see, e.g., Ref. 21 ). Yet, even in a more microsocopic calculation, effective Fresnel coefficients can often be defined (see, e.g., Ref. 10), which take the place of those that appear in the purely macroscopic description below. We suppose that the region z > 0 is occupied by a medium with a dielectric constant el and the region z < -D by a medium with a dielectric constant E2. In between we do not, for the moment, specify the optical properties of the medium (media); we restrict ourselves only to media that are linear with a scalar dielectric constant and to geometries that are translationally invariant in the (xy) plane. Then, although the fields in region 1 (z > 0) are related to the fields in region I + + + + + + + + + + + + + + + + + + + +r E(r) = Ejp,, exp(ij,+ r) + Ej_$,_ exp(ivj-r), E(r) = E 2 +p2+ exp(iv 2 + r) + E 2 .$2_ exp(iv 2 . r), (3.6) respectively, where it is convenient to drop the p subscript on the amplitudes but to label them by the medium to which they refer. The vectors Pi+, pi-, vi+, vi_ are given by Eqs.
(2.11) and (2.17), with e replaced by ei (recall here that A = 1); likewise vi = ni, with n = /E. It is useful to introduce vectors of the form
Then, since the material in the transfer region is linear, the components of e (0) (3.11) are the usual coefficients for the interface. If nj, n 2 are real and K < n 2 , we can identify Oj, cos Oi = wi/(wcni) as the angles that the beams in the two regions make from the normal [see Fig. 1(b) To treat transfer regions more complicated than a single interface, such as shown in Fig. 3(c) , it is useful to introduce propagation matrices Mj(z): If the region between Zb and Za > Zb is filled by a medium with dielectric constant ei, we have ei(za) = Mi(Za -Zb)ei(Zb), (3.9) (3.14)
with
The physical significance of the four numbers is easily identified by considering two special cases: If we have a downward wave incident upon the transfer region from medium 1, then, although there will be a downward wave transmitted into region 2, the boundary condition at z = -demands that E 2 + = O since no wave is incident from z = --. From Eqs. (3.7)-(3.9) we then find El+ = R 2 E,_ (reflected field at z = 0+) and E 2 _ exp(iw 2 D) = T 2 E,_ (transmitted field at z = -D). Since in this example E. is the incident field at z = 0+, R 2 and T 2 can be identified as the Fresnel reflection and transmission coefficients, respectively, of the transfer region for p-polarized light incident from region 1. A second analysis for an upward wave incident from medium 2 permits us to identify Rj and T 1 as the Fresnel reflection and transmission coefficients, respectively, of the transfer region for p-polarized light incident from region 2.
For a specified transfer region we can calculate A1 2 ; if we simply have an interface [ Fig. 3(b) ; here take D = 0], we apply the Maxwell saltus conditions to the fields [Eqs. (3.6)] and the magnetic fields (B = H here), which follow from Eqs. 12 [ r i (3.10) Mi(Z) = [exp(iwiz) (3.15) a result that can be easily verified by using definition (3.7).
Turning now to the transfer region of Fig. 3(c) , since we obviously have and the corresponding equations with 1 and 2 interchanged; s or p interface coefficients are to be used for the appropriate polarization. The well-known results [Eqs. (3.18)]7,18 are given here in the form that is perhaps easiest to interpret physically. In the first equation, t 3 and t 2 are the amplitude factors for direct transmission across the interfaces, and exp(iw3D) is the factor for propagation from z = -D to z = 0; the denominator is the amplitude factor describing the effects of multiple reflections (and the associated propagation of a distance 2D) within the slab, as can be seen by formally expanding the denominator in the series (1 -x)-
Similarly, in the second equation r 13 is the amplitude reflection factor for direct reflection from the first interface; otherwise, as described by the second term, reflection can occur by transmission into the slab, reflection off the interface at z = -D, and transmission out of the slab (propagating a distance 2D in medium 3), possibly following multiple reflections within the slab. We close this discussion of Fresnel coefficients by noting [see Fig. 3(c) ] that in the limit D -0 we must have the R1 2 and T1 2 of Eqs. (3.18) approach r 2 and t 2 , respectively. This yields a new set of Fresnel coefficient identities, which may be checked by using Eqs. (3.11) (for p-polarized light) or Eqs. (3.13) (for spolarized light).
GENERATED FIELDS IN THE PRESENCE OF INTERFACES
With this background, we can now easily generalize the Green-function approach of Eqs. (3.1)-(3.5) to a geometry -with interfaces. Consider first the geometry of Fig. 3(b) , and suppose that for z < 0 there is a source P(r) = P(z)exp(ic -R).
(4.1)
The more general form [Eq. (3.
2)] can also be considered, but for many experiments in nonlinear optics at interfaces the source is, within the plane-wave approximation, of the form of Eq. (4.1). Referring to Eqs. (3.4)-(3.5), we see that, if there were no interface at z = 0, each sheet of polarization (at a given z) would produce-besides the local contributionan upward and a downward wave. The interface does not affect the downward wave; the upward wave is partly reflected down and partly transmitted into region 1. The electric field in region 1 is thus given by E(r) = E(z)exp(iK R) = E exp(ivl+ r), where E(z) = E exp(iwlz) and
+ i3 +t 2 +) J exp(-iw 2 z')P(z')dz' (4.2) [cf. Eq. (3.5)]. The factor exp(-iw 2 z') = exp[iw 2 (0 -z')] describes the propagation from z' up to the interface, and the factor exp(iwlz) in the line above Eq. (4.2) describes the propagation from the interface up. The tensor factor (;ts21 + p1+t021 2 +) describes the transmission; note that this takes into account the usual change, on transmission, of the ppolarized direction from P2+ to pl+. An expression for the generated field in region 2 can be written in a similar way, but it is more complicated: At a given z there is the local contribution [from the third term in Eq. (3.5)], upward-wave contributions from all planes z' < z, downward-wave contributions from the reflection of all the upward waves at the interface, and directly generated downward waves from planes z' > z. The result is an electric field of the form E(r) -E(z)exp(ic R), with
Note that, in the third term on the right-hand-side of Eq. Izi -c. Thus, although once the notation is mastered they can be written down by inspection, these fields are the correct solution. Further, they are written in a way that allows for a straightforward physical interpretation of the meaning of the separate terms.
As a second example, we consider again the geometry of Fig. 3(b) , with a polarization source P(r) = Pb(z -0+)exp(ic R). Such a term appears, for example, in phenomenological models of surface second-harmonic generation. and consists of both the upward wave generated by the source and the upward reflection of the downward wave generated by the source: and 2 and in the slab from the differential equations and the saltus conditions; finally, the limit of the slab to a 6 function is taken., 22 The approach developed here is obviously more direct and straightforward.
We note that much more complicated geometries than Fig. 3(b) can be treated with essentially no added difficulty. Consider the source [Eq. (4.4)] of the second example, but now in the presence of the general geometry of Fig. 3(a) Fig. 3(a) , instead of Eq. (4.2) we simply have
A slightly more complicated result appears if the source is in region 3 of Fig. 3(c) . Consider first a simple source Fig. 3(c) , it is not generally true that E 3 .(E 3 +) = 0 for z > zo (<zo) since there will be reflected fields from the interfaces at z = D and z = 0. Yet those reflected fields will be continuous across z = zo, so the discontinuity at z = zo will still be of the form of Eq (4.10). Then, since therp are no sources for z > zo or z < zo, we have
and we can use Eqs. (4.10) and (4.13) to derive a connection between the generated fields in regions 1 and 2: For a more general source of the form of Eq. (4.1) for 0 < z < -D in Fig. 3(c) , the solution can be built up by superposition; we find that the s and 1+ components of the upward-generated wave E(r) = E exp(ivl+ r) in region 1 are given by where appropriate Fresnel coefficients are used for the s-or p-polarized amplitudes and V4 (z) = 27ricoW 2 31q3' P, (4.20) with q3± as defined after Eq. (4.12). As could our earlier expressions, Eq. (4.19) can be easily understood in terms of the factors that appear in the equation describing propagation, reflection, and transmission. We note that the earlier examples of this section can also be more formally derived by using the discontinuity-source vector method applied here, but in those simpler geometries the results are so obvious that it is not necessary.
Recall that the usual method of deriving an expression such as Eq. (4.19) would be to write a particular solution of the Maxwell equations, with the source [Eq. (4.1)] in region 3, and then to add homogeneous solutions in regions 1,2, and 3; their amplitudes are determined by requiring that the total fields satisfy the Maxwell saltus conditions at each interface.1, 2 Such an approach is considerably more tedious than the one outlined here; further, the expressions that result in that older method do not naturally appear expressed in terms of the Fresnel interface coefficients and can be written in terms of them only after a certain amount of algebra. 13) ], respectively, as z > zo or z < z. The resulting field will, of course, be discontinuous at z = zo; we must further add the local contribution to the field [the third term on the right-hand side of Eq. (4.9)].
CONCLUDING REMARKS
In summary, we have presented a Green-function formalism for calculating the fields generated by a source in the presence of a general, multilayer geometry. Since the homogeneous-medium Green function from which we began immediately identifies the s-and p-polarized components of the fields, the effects of interfaces are easily taken into account by introducing Fresnel coefficients, and the calculation thus follows the simple physical picture of light progressing through multilayer geometry by a series of reflections and transmissions.
Although in Section 4 we have explicitly considered only examples in which the source is characterized by a single wave vector parallel to the interface, more complicated sources can easily be treated by superposition. In fact, since the asymptotic fields generated far from finite sources are particularly easy to evaluate from Green function expressions of the form derived here, 3 ' 23 the approach outlined in this work should be particularly convenient for problems of that sort.
